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are cropped by sensor edges. As a first approach, beam is 
modelled as circular with a definite diameter dbeam. Using 
this,  spots are separable if the spot distance is equal or 
bigger than the diameter of the beam, as sketched in fig-
ure 4.

From this, with L denoting the length of the detector, the 
minimal and maximum detectable inclination angles are
given by

γmin=arcsin ( n⋅
dbeam
h

√ 4+( dbeamh )
² ) , (4)

and 

γmax=arcsin ( n⋅
L−2 dbeam

h

√4+( L−2dbeam
h )

² ) . (5)

While these equations are describing the principle, for re-
fined  evaluation  a  more  sophisticated  model  has  to  be 
used.

3 Simulation

3.1 Mathematical description

3.1.1 Image generation
The simulation of the sensor is derived by terms of geo-
metric optics in paraxial approximation, applying the geo-
metric  properties  for  the  basic  TEM00 Gaussian  base 
mode. Typical wave optics properties like divergence are 
neglected.  For a  given incoming ray Ii with inclination 
angle γ1 and azimuthal angle φ, theoretical spot positions 
Pk are calculated from eq. (1) and (3).  With beam width 
given as wx and wy in major axes of elliptical beam pro-
files and intensity Ik  of kth  spot, a simulated image U ac-
cording to the specified imaging sensor size is calculated 
by superposing K discrete Gaussian profiles with centers 
at the calculated spot locations (xk; yk) as

U (X ´ ,Y ´)=∑
k=1

K

I kexp(−2((X ´−xk)²
wx ²

+
(Y ´− yk)²
w y ² )) (6)

X’ and Y’ describe the meshgrid representation of sensor 
pixel grid. No noise was added.
For  reconstruction  of  γ1 and  φ,  different  clustering  al-
gorithms were evaluated.

3.1.2 Contour method
In contour finding approach,  spots were  identified after 
some basic image processing like dark image subtraction, 
thresholding and blurring. For contour finding, OpenCV 
cv2.findContours was used. For each detected spot, im-
age was masked with spot’s contour and centroid inside 
contour was calculated by cv2.moment.Repeating this for 
all  detected  spots,  all  centroid  positions  and  distances 
between are derived and inclination as well as azimuthal 
angle  are calculated.

3.1.3 Clustering 
The spot detection on sensor image can be interpreted as a 
clustering task, with each illuminated pixel as an instance 
of  a  certain  spot.  Since  clustering  algorithms in  image 
processing usually don’t work on grey levels, but histo-
gram data, the image grey value is converted to the num-
ber of occurrences at the respective pixel coordinate in a 
preprocessing procedure.
In case of fully separated spots (clusters), hard clustering 
algorithms like k-means are appropriate, but in spot detec-
tion for overlapping spots more probabilistic approaches 
are required.

3.1.3.1 Gaussian mixture model (GMM)
A  GMM  represents  normal  distributed  sub-populations 
within  an  multimodal  population.  Due  to  the  gaussian 
shape of the beam’s intensity distribution it is a suitable 
model for overlapping spots. It superposes a number K of 
density functions, each describing a spot in sensor image 
with mixture ratio πk, so that the probability mass function 
of data point x is given by

p (x|θ)=∑
k=1

K

πkΝ(x|μk ,Σk) (7)

 with  θ  denoting  a  vector  containing  the  component’s 
mean μk and covariance matrix Σk for k = 1, 2, . . . , K. For 
angle  determination,  identification  of  the  component’s 
means is necessary. Since the estimation problem given in 
eq. 7 also contains latent variables, the parameter optimiz-
ation is therefore performed using the expectation maxim-
ization algorithm" In estimation, advantage from proper-
ties of (ideal) etalon sensor properties can be taken. The 
implemented method is referenced to in this contribution 
as “modified GMM/EM”:
Spots  will  always  be  equidistantly  placed  on  a  line, 
adding a condition for mean μ, representing spot distance. 
Each adjacent spot is a reflection of the previous spot, so 
only one covariance matrix Σ describes all spots. Since re-
flectance is known, the mixture ratios  πk  of the compon-
ents can be calculated and therefore be neglected in the 
optimization process. 

Figure 4: Sketch for the definition of distinguishable 
and undistinguishable spots (left) and edge effects (right).
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3.1.3.2 Artificial Bee Colony (ABC)
EM algorithm is prone to convergence to local maxima. 
Here, the more recently popular ABC algorithm from the 
family of swarm optimization is used to determine the op-
timal set of parameters of the described Gaussian mixture 
model  [16-18]. The ABC requires that a parameter vector 
which  is  to  be  optimized  is  parametrized.  For  etalon 
sensor this is simple for the mean μ and spot distance ∆μ, 
which can be parametrized using the corresponding spa-
tial components μx , μy , ∆μx and ∆μy. 
Parametrizing the covariance matrix has to ensure a posit-
ive semi-definiteness of the estimated variance covariance 
matrix. Implementing the approach of [19] finally leads to 
a  seven-dimensional optimization problem.

3.1.4 Eigenvector method
The general shape and propagation direction can be estim-
ated using the eigenvectors of the complete spot trail. The 
Eigenvector  corresponding  to  the  larger  Eigenvalue  is 
used for  the estimation of  the initial  spot distance (and 
also for the estimation of the azimuthal angle). The smal-
ler eigenvector can be used to estimate the initial covari-
ance matrix.

3.2 Evaluation

3.2.1 Azimuthal angle

3.2.1.1 Test cases
Simulations  used  parameters  close  to  the  experimental 
setup, so a circular beam profile with fixed beam width of 
w = 200 μm was used. 
Four typical test cases were defined: 

1. separated spots (d = 4w, approx. 6° inclination).
2. slight overlap (d = 2w, approx. 3° inclination).
3. begin of complete overlap (2 points of inflection, 

unimodal distribution, d = 0.71w, approx. 1°).
4. typical  overlap  (half  distance  of  3,  d=0.355w).

For  each  of  the  cases,  the  azimuthal  angle  was  varied 
from 0° to 45° in steps of 0,5°. To determine the direction 
of the spot trail following methods were applied:

• centroid estimation by
◦ state of the art contour finding method.
◦ modified GMM/EM.

• spot  trail  from slope between  the  highest  grey 
valued pixel and the centre of mass of the com-
plete spot trail.

• Eigenvectors  of  the  spot  trail  as  described  in 
3.1.4,  on a randomly subsampled dataset

• Eigenvectors on the complete dataset.

 For implementation of GMM/EM, python library sklearn.-
mixture was used.

3.2.1.2 Results
In no cases  a  dependency on the rotational  angle itself 
was observed, so the rectangular pixelgrid has no impact. 

The investigations show an increase in error with decreas-
ing incident angles for all investigated methods. As ex-
pected, the contour method yields excellent results for the 
larger  investigated  incident  angles,  but  fails  to  detect 
spots for non-separable spots like for the two smaller in-
cident angle cases. Spot trail from slope showed signific-
ant higher deviations than other methods, mainly due to 
the choice of highest pixel value instead of centroid. The 
Eigenvector  approach  with  subsampling  (105 samples) 
and the modified GMM/EM approach show similar res-
ults for all incident angles. The random subsampled data-
set, which is incorporated in both approaches, results in 
rather  dynamic  deviations.  The  Eigenvector  method on 
the complete dataset shows the lowest deviations from the 
set angle and is preferable over the subsampled approach, 
since  savings  in  computation  time  are  not  significant. 
Nevertheless, none of the methods showed a systematic 
deviation.

3.2.2 Inclination angle
For investigation a set of artificial images using various 
incident angles with a fixed rotational angle φ = 0° were 
simulated,  using  the  numerical  framework  described  in 
Section 3.1. The inclination angle were increased in steps 
of 0.1° from γ1 = 0°, ... 6°. Each image was evaluated with 
following methods:

• contour method.
• standard GMM optimized with the classical EM

◦ single initialization phase.
◦ 10 times random initialization.

• modified GMM/EM algorithm.
• GMM + swarm optimization using ABC.

For GMM, 50 iterations were  used.  This process  is  re-
peated for ten iterations.

3.2.2.1 Results
From simulation, one can see that contour method works 
correctly for  angle above 3.5°, standard GMM with 1 ini-
tialization  run  gives  erroneous  results  in  whole  region, 
with 10 runs it performs well down to 1.2°. 

Modified GMM and mod. GMM with ABC work suffi-
ciently from 0.2° on. A graphical representation is given 
in figure 5. 

Figure 5:  Comparison between the five incident angle 
estimation algorithms.
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4 Experiment

4.1 Sensor design
Sensor  was  constructed  on  basis  of  Photonfocus  BL1-
D2080-160-G2 camera with Photonfocus A2080 CMOS 
sensor. As etalon, a Laseroptik beam splitter plate from 
fused silica, 20 mm × 20 mm, 6 mm thickness was used, 
reflectivity of coating 90 % (±1.5 %) at 532 nm. As de-
picted in figure 6, the etalon was tightly pressed directly 
on top of sensing element by 3D-printed holder, reducing 
gap  c  as  far  as  possible.  No index-matching  fluid  was 
used. Realized assembly is shown in figure 7.

4.2 Setup
For evaluation, the setup depicted in  figure 8 was used. 
The sensor assembly was placed above a PI hexapod plat-
form H-840.G1, which was used for controlling incident 
gradient by moving a collimated fibre LED mounted on 
top  of  the  moving  platform.  The  direction  of  the  light 
beam can be altered in terms of rotation and incidence by 
moving the six DOF hexapod platform. Center of Etalon-
sensor was aligned to z-axis of hexapod platform, sensor 
plane parallel to hexapod platform.

4.3  Method
As a prerequisite,  an estimation of the beam width was 
done. For an arbitrary incident angle, large enough with 
no  spot  overlapping,  the  Full  Width at  Half  Maximum 
(FWHM) beam width was estimated from the first spot of 
the  trail.  For  the  investigated  spot,  a  beam  width  of 
w = 208.59 μm was determined. 
Each acquired image was pre-processed using a low pass 
filter with a Gaussian kernel of size 3 × 3 to reduce high 
frequency noise. In addition, a blacklevel  offset of 4 % 
was applied, reducing the background illumination while 

Figure 6: Construction of the etalon sensor based on 
Photonfocus BL1-D2020-160-G2. Beam splitter plate (a) 
on sensor element (b) with gap (c). Mounting of the et-
alon with screw mount (d,e) in the M42 camera body (f).

Figure 7: Realised Etalonsensor.

Figure 8: Measurement setup. Collimated fibre-
coupled LED is placed on top of the moving platform of 
hexapod system PI H-840.G1. 
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retaining the Gaussian bell shapes of the spots. Therefore, 
all  the  illuminated  spots  are  separated  from  the  back-
ground. The number of spots is determined by counting 
the number of present spot using contour method, as long 
as no spots overlap. 

4.4 Azimuthal angle
For measurement of azimuth angle estimation accuracy, 
the 4 testcases explained in section  3.2.1.1 are used, but 
adapted  to  the  estimated  beamwidth  to  γ1 = {5.588°, 
2.790°,  0.990°,  0.495°}.  The  procedure  corresponds  to 
simulation, but azimuthal angle was increased in steps of 
1.0°. Evaluation of acquired and preprocessed images was 
identical to simulation.

4.5 Inclination angle
The measurement  of  inclination angle  was  realised  ex-
actly as in simulation.  The direction of the incident light 
beam is altered by an automatic positioning of the hexa-
pod platform. For each incident angle a total number of 
10 images were acquired and individually evaluated.

5 Results

5.1 Azimuthal angle
Retrieved images for the 4 cases are given exemplarily in 
figure  9, deviations from set angle are shown in  figure 
10. Retrieved azimuthal angle in all cases show slight de-
viations from set angle. 

Interestingly, both GMM methods show larger offset and 
variance values compared to the Eigenvector and contour 
finding  approach.  This  behaviour differs  from  the  ex-
pected similar performance of all methods shown in simu-
lation. In cases 1 and 2 contour and Eigenvector method 
closely follow same trend in spite of different methodol-
ogy, so underlying effects might be supposed.

5.2 Inclination angle
The  contour  finding  method  returns  the  incident  angle 
very precisely and reliably with barely any fluctuations 
for large incident angles down to incident angles of 2°. 
Both the modified GMM/EM, as well as the GMM/ABC 
approach  are  able  to  return  the  most  accurate  incident 
angles throughout the complete measurement range with 
barely any fluctuations, the classic GMM however shows 
significant fluctuations, see figure 11. 

To summarize,  the Eigenvector  method outperforms all 
other methods in retrieval of azimuthal angle at small in-
cident angles, while modified GMM/EM is superior in re-
trieval of incident angle,  working down to 0.2° correctly.

6 Conclusion
For measurement of large incident angles exceeding 6°, 
the simple contour finding method promises the most ac-
curate  results  alongside  with  the  Eigenvector  method 
presented here. 
Even in case of highly overlapping spots, in this realiza-
tion at  inclination angles smaller approx. 3°,  evaluation 

Figure 9: Exemplary images from measurement at 
fixed rotational angles φ = 45◦ for the four different incid-
ent angle cases.

Figure 10: Comparison of azimuthal angle estimation 
error.

Figure 11: Deviation of measured inclination versus 
set angle.
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methods were proposed achieving highly correct estima-
tion of inclination and azimuthal angle down to inclina-
tion angles of 1.0°. In region 0,2° - 1.0°, deviations in in-
clination  angle  estimation  of  max.  0.05°  were  present. 
With  modified  thickness  and  reflection  coefficients  the 
measurement  range  can  be  optimized  for  a  given  situ-
ation. 
Further work has to be done to investigate sources of off-
set error in azimuthal estimation, especially in the region 
at  25°-30°.  This  is  likely  due  to  internal  realization  of 
pixelgrid and trenches. Also, homogeneity of angle estim-
ation over complete sensor element has to be evaluated 
and influence of misaligned beamsplitters must be invest-
igated.

In total, the gradient sensor has proven to be a reliable 
device for measurement of inclination and rotation of in-
cident light beams even at small inclination angles.
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